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dimensionless, see product, dimensionless
stripped of its units, 47 see also equation, numerical
Vaschy’s Theorem, see Buckingham’s Theorem
Vector, 148
bound, 151
free, 151
Vector space, 8n., 15, 88n., 143, 1441f., 146fF., 1511, 163, 166, 171, 176: see also system
of vector spaces
generating, 156, 157f1., 162, 172, 175, 176fT., 183, 192.
one-dimensional, 148
V-element, Tn., 145, 146ff.; see also division of V-elements; equation not containing
V-elements; multiplication of V-elements .
generalized, 162, 166, 182
Velocity,
of circulation of money, 12, 141T.
of money, circular, 16n., 28, 74n.
Velocity, 185
Volume, 156, 169fT.
V-set, 149, 154

Wage-unit, 31
Wants, see ophelimity equation
Weierstrass’ approximation theorem, 186

Zero element (neutral element), 146, 151, 159, 1611T., 164fT., 166f., 169, 174fT,, 177, 181,
185, 191 ;
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216 INDEX OF SUBJECTS

Product (in mathematics), 154
Cartesian, 159
dimensionless, 14ff., 23ff., 33, 49, 52, 58, 74, 83, 125, 130, 143, 167, 171, 185ff,;
see also field K; number of dimensionless products; set of dimensionless products;
subgroup H, invariant; may be identified with pure number, 17, 130n., 168, 171,
175, 182, 188
independent, 53, 106n., 107
Production, non-proportional physical, 37, 41; see also rate of production
Production function, 34ff., 51
CES, 38, 41
of Cobb and Douglas, 34, 35f., 47(T., 60, 93n.; 48 (revised)
of Solow c.s., 38fT., 47ff., 129n.; see also Arrow-Solow production equation, revised
Productivity of labour and capital, 35n., 39
Propensity,
to consume, marginal, 37n.
to import, marginal, 74
Proportion between quantities, 13fT., 18
Proportionality, factor of, 5
II-theorem, see Buckingham’s Theorem

Quality, 6
of capital goods, 35
of labour, 35, 39n.
Quantity (-ies), 6, 7 (definition), 8n., 87ff., 92, 98ff., 114, 118n., 143, 145, 149
additive, see additivity
dimensionless, see product, dimensionless
of dimension [1], see product, dimensionless
measurable, 98ff.
real, 89
relative; see proportion between gquantities and requirement of the absolute signi-
ficance of relative quantity
Quantity equation, 114, 195ff.
Quantity theory of money, see equation of exchange
Quota of external expenditure, 72, 74; see also propensity to import, marginal
Quotient group, 174T.
Quotient set, 160ff., 165, 169, 173ff.

Radian, 170, 188
Random, see disturbance factor and disturbance term
Rank,
of a dimensional matrix, 104
of a matrix, 1911T.
Rate of:
discount, 78, 82, 83
exchange, 18, 65
growth, see growth rate
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interest,
compound, instantaneous and continuous, 80, 85ff., 90
discontinuous, 88
discontinuous compound, 91
nominal vs. real, 89ff.
simple, 79
price inflation, 67T.
production, 35n.
time preference, 85
Ratio, 24
Reflexitivity, 150, 160, 164, 174
Regression analysis, 112, 124, 131
Regression coefficient, 115, 134
Regression constant, 115
Regularity, see semi-group, regular
Relationship, functional, 4fF.
Representation of an infinite free Abelian group, additive, 1761T.
Requirement(s), :
imposed by the theory of the algebraic structure of dimensional analysis, 47,
58n., 63, 82, 98, 195f,
of the absolute significance of relative quantity, 10n., 18, 20, 82, 83, 89, 141
Revenue product, marginal, 83
Ring, 145n., 154, 193
Ripeness, point of, 100
Root, 1951,
Rule,
empirical 36fF., 44n., 50, 69, 101, 137
of thumb, 54, 56ff., 104n.

Satiation, 100
Satisfaction, 97fT., 100ff.; see also dimension of satisfaction
Scalar, 13, 49; see also number, abstract or pure
Scale,
of measurement, 88
of wants, see ophelimity equation
Scaling, 99n.
Semi-group, 157, 159, 164
commutative, 143, 155, 157, 172
commutative regular, 158(T., 172ff.
regular, 158, 159, 162
Semisubset, proper regular, 162
Set, 1, 7, 10ff., 145n; see also cardinality of a set
of dimensionless products, 53
of images G, 164
of vector spaces (set of dimensions), see V-set
see also quotient set
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212 INDEX OF SUBJECTS

Gravitation, see acceleration of gravitation

Group (in mathematics), 143, 144, 145n., 159, 181
Abelian, 143, 159, 162, 165, 167, 173fT.
additive Abelian, 146, 151, 166, 169, 1791f., 191
commutative, 159
infinite cyclic, Gy, 168ff.
infinite free Abelian, 175, 176ff., 183, 191ff.
see also factor group and quotient group

Group G, 158ff., 161, 162ff.

Group, non competing, 31n.

Group theory, 63

Groups with operators, 147

Growth, inner, 100

Growth model, 94

Growth rate, 29, 80, 96, 124fT.
annual, 96ff.
of the national income, 95ff.

Heaviside operator calculus, 63n. .
Homogeneity, dimensional, 23ff., 27, 29, 41, 431F., 88, 98n., 101, 113{T., 117fT., 123fT., 126n.,
133T., 137
automatic, see pitfalls in dimensional analysis
by definition or on a priori grounds, 36ff., 50
test of, 68ff., T3ff.
Homogeneity in the arguments or variables, 98n.,
Homomorphism, 163ff., 1744f., 199n.
Hypothesis, working, 127

Idempotence, 168, 186
Identification, )
of dimensionless products with numbers, 17, 130n., 168, 171, 175, 182, 188
of V-elements with “generalized” V-elements, 162
Identity, 36,50
Image, 162, 163ff., 169, 174fT., 176ff., 182, 187, 191
Imbedding a commutative regular semi-group in a group, 158ff., 173ff.
Import, see propensity to import, marginal
Income,
national, 12
real, 121
Income-propagation period, 94ff., 96
Income tax tariff, 133
Income theory of money, 27
Income velocity of circulation of money, 16n., 28, 74n.
Inconsistency of an equation, 27, 28n.
Increment of a flow of money per unit of time, 12
Independence of the choice of the units, 28, 41, 144, 197
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Index number, 23ff., 29, 33, 66n., 89, 124; see also ophelimity index
Indifference curves, 98, 126
Inflation, 67ff.; see also price inflation
Integral of an instantaneous flow, 40, 73, 129
Intercorrelation, see multicollinearity
Interest, see flow of interest and rate of interest
compound, 83
Interpretation,
of a coefficient, 138
of a dimensional constant, 118ff.
of a variable, 4
Intuition, see preconceptions, intuitive
Invariance of an equation with respect to change of units, 28, 41, 144, 197
Inverse, 147, 1611T., 164, 173, 187
Investigation, empirical, 107
Investment good, 22; see also capital, real and quality of capital goods
Investment in men, 39n. .
Isolation of the source of error in an equation, 4, 28, 65ff., 70
Isomorphism, 162, 163, 165, 167M., 171, 173ff., 177, 178, 180, 182, 187f., 194, 198ff.

Kinematics, 185, 196
Knowledge, technical, see parameter, technological

Labour, 22, 30., 35, 76; see also demand function for labour; productivity of labour and
capital; quality of labour; skill of labour
Labour-unit, 31, 33 :
Lagrange multiplier, 108, 115, 126n.
Lattice I", 178
Lattice point, 178, 180
Law,
economic, 50
of diminishing marginal utility, 37
of freely falling bodies, 37n., 113
of non-proportional output or physical production, 37, 41
Law (in mathematics),
associative, 146fT., 154T., 157, 159, 161, 167, 181
commutative, 146ff., 154ff., 157, 159, 161, 167
distributive, 147, 167
Length, 77, 156, 1691T., 181{T., 185
Likelihood method, maximum, 137
Liquidity, 128
Liquidity preference, 17
Logarithm, 29n., 189
is a pure number, 29n., 88ff., 141n., 142, 189

Macro-economics, 40
Macro- and micro-economics, 21ff., 37
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(1949-1950), pp. 613-615; 2n.

MacuLur, F., International Trade and the National Income Multiplier, Philadelphia, 1943;
94n.

Manges, P., “Des dimensions de quelques grandeurs économiques”, Revuwe d'économie
.politigue, LXVIII (1958), pp. 524-548; 2n.

MicHELET, G., Principes de valoristie, Brussels, 1936; 2n.

Minuas, B. S., see Arrow, K. I, c.5.

MunDELL, R. A., 16n.

NaDpDOR, E., “Dimensions in Operations Research’, Operations Research, X1V (1966),
pp. 508-514; 137n.

OBERDORFER, G., Die Mafisysteme in Physik und Technil, Vienna, 1956; 143
O1sT, see RUKEN van OLst, H.

PaascHE, H., 26

PareTO, V., Manuele di economia politica, Milan, 1906 (French translation by A. Bonnet,
Manuel d’économie politique, second edition, Paris, 1927); 22, 98

PatTErson, E. M., and D. E. RUTHERFORD, Elementary Abstract Algebra, Edinburgh,
London and New York, 1965; I45n.

Pierson, N. G., Principles of Economics (translated from the Dutch by A. A. Wotzel;
New York, 1902-12); 133n. '
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Prrcurorp, J. D., and A. J. HAGGAR, “A Note on the Marginal Efficiency of Capital”,
Economic Journal, LXVIII (1958), pp. 597-600; 84n.

Quape, W., 46n., 80n.
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Braunschweigischen Wissenschaftlichen Gesellschaft, X111 (1961), pp. 24-65 (see the
Mathematical Appendix of the present book, I143f.); 7n., 13n., 15n., 17, 34, 49,
59n., 63, 88n., 114, 130n.
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Braunschweigischen Wissenschaftlichen Gesellschaft, XVIII (1966), pp. 15-49; 199n.
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RayLEIGH, Lorp, “The Principle of Similitude”, Nature, XCV (1915), pp. 66-68; 3n.
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pp. 474-478, and LXVI (1956), pp. 486-487; 33n.
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Rype, DorotHY, Some Applications of Dimensional Analysis to Economic Demand
Eguations, mimeographed working-paper submitted for the 17th Eurepean meeting of
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and discussions in Econometrica, XX1V (1956), pp. 307-309; 2, 5n., 22n., 112n.,
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pp. 103-124, with a Reply by F. J. de Jong; 3n.
—, Inleiding tot de statistiel, Vol. 11, Assen, Neth., 1966; 123n.

SAINT-GuILHEM, R., “Systémes d’unités et analyse dimensionnelle”, Annales des mines,
CXXXVIL (1948), pp. 9-41; 3n., 52n.

SAMUELSON, P. A., Foundations of Economic Analysis, Cambridge, Mass., 1948; 1394

SCHUMPETER, J. A., ,,Das Sozialprodukt und die Rechenpfennige”, Archiv fiir Sozial-
wissenschaft und Sozialpolitile, XLIV (1917-18), pp. 627-715, reprinted in J. A.. Schum-
peter, Aufsdtze zur dlkonomischen Theorie, Tiibingen, 1952, pp. 29-117 (English
translation, J. A. Schumpeter, “Money and the Social Product”, International Eco-
nomic Papers, VI (1956), pp. 148-211); 27f.

—, History of Economic Analysis, New York, 1954; 27n., 28

SELIGMANN, E. R. A., Progressive Taxation in Theory and Practice, New York, 1894;
133n.

SHiskIN, J., “Electronic Computers and Business Indicators”, Oceasional Paper, no. 57,
National Bureau of Economic and Social Research, Inc., New York, 1957; 75n.

SmiTHiEs, A., “The Behavior of Money National Income under Inflationary Conditions™,
Quarterly Journal of Economics, LVIL (1942), pp. 113-128; reprinted in: American
Economic Association, Readings in Fiscal Policy, London, 1955, pp. 122-136; 66

SorLow, R. M., “A Contribution to the Theory of Economic Growth®, Quarterly Journal
of Economics, LXX (1956), pp. 65-94; 41

— “Technical Change and the Aggregate Production Function”, Review of Economics
and Statistics, XXXIX (1957), pp. 312-320; 40n., 42n.

—, see also ArRrow, K. J., c.5.

SPERNER, E., Einfiihrung in die analytische Geometrie und Algebra, Vols. I and 11, third
and fourth editions, Gottingen, 1959; 145, 151

STACKELBERG, H. voN, Grundlagen einer reinen Kostentheorie, Vienna, 1932, Three of
four chapters of this work had previously been published in Zeitschrift fiir National-
okonomie, 111 (1932), pp. 333-367 and 552-590; 36n.

STANLEY JEVONS, W., see JEvons, W. S.

StiLig, U., 143

—, Messen und Rechnen in der Physik, Brunswick, Germany, 1955; 144

SwAELEN, E., “Enkele opmerkingen bij Professor De Jongs dimensieanalyse”, Tijdschrift
voor economie, IX (1964), pp. 206-216; 3n.

SwEEzy, P. M., The Theory of Capitalist Development, New York, 1942; 27n.

TINBERGEN, ., Grondproblemen der theoretische statistielc, Haarlem, 1936; 77

—, An Econometric Approach to Business Cycle Problems, Paris, 1937; 25, 34

—; Lconometrics, translated from the Dutch by H. Rijken van Olst, London and Phila-
delphia, 1951; 1164

UsHER, D., “The Transport Bias in Comparisons of National Income”, Economica, N.S.,
XXX (1963), pp. 140-158; 128n.

Vascuy, A., Théorie de I'électricité, Paris, 1896; 52n.



5z ' ‘smuxmasvy
LIT “HGOT “UZOT “"UgL “"UEE ‘95 “ES ‘bp “ULE ‘pE OT “'ug “ug (9561 ‘streq ‘sazzanbow
§op aropy] j2 a|auuolsuswlp as{puy ‘Jass0drey) *D £q UONR[SUBI) (OUIL]) IS61
‘UOpUOT pue 10K MaN ‘sjapoy fo di0ay ] puv sis{poup jpuoisustlg 1 "H “4YVYHONVT
8#1 €I 1761 “UDLIMZ “UONIPA PUOIDS ‘yayuly pun pyvzgfopy ‘agfodn “W ‘LTOANYT
UE U CHAVAYT

UOF 6T L N SPI[D POOMI[IUY ‘Sa141510U0IT 0] UONINPOLIUT U *—

TET *€S6T 111 “WOISURAF ‘SLUaUOUOT [0 3OOqiXa ] vV —

UZE ILP6T MIOX MON ‘wonmnjoasy uvisauday ayf ¥ T NIZTY

UZ 66T “WRPINSWY [T “[OA ‘2ruouodasfliipaq Jap uajasuifiagpuo.n ‘—
U7 T6E6T ‘UABUINOID “270u022 ap up asdjoup 2a3tiy

-luonb ap [iq uapayuas 2p uva ynisbovia 13y 4200 uaBuinnoyssaq 26T g “WAIONAMATTY]
68 “Jeg “use “fre “fre

9E61 ‘UOPUOT ‘Aauopy pup isaszpuy ‘uawdojduiy fo Lioay | jpdauan Ay W [ ‘SANATY
§L tugy “ug

961-18% "dd ‘(£961) TXD “Jsnuonodq aq *, osk[eueaiSUaIp UL Jepour IeRuon,, “—

T '8S61 ‘UOPIAT IYdlMuaaasuvipqsbulpIaq us Jyolmuaas JDIPUORYT Y 0y UATSSTY

ug ILTT-LIT dd
‘(F961) XTI ‘onuouosa 100a jftagaspfif ©, STWOU02 ap ur esAjeuBAISUSWIP 2p Fop],, ‘—
ugy ug-ug 190z-1 dd (Z961) XO “ISHU0oU0IT a(T ¢, IWOU003 2 Ul asA[euBAISUAUII(,, —
UEE pT-g dd (pse1)
AIXT ‘[ouanof d1uouosy  soTIouody UBISAUASS Ul SUOHOUNJ Alddng,, ‘aa ‘g g ‘onor
ug/ “ugg f[61 ‘UONIpa YMNOJ ‘wrapr —
Ug ‘[ '6L8] ‘UOPUOT ‘UOINIPS PU0as ‘Awouodiy pouiod fo dioayy, YL g "M\ ‘sNoad[

PIT “ugg “ugg “ugr “ug 0961 ‘vopuoy
PUB OJUQIO], fIOX MAN ‘S4aquiny SSaJuoISuswul(] puv ‘suojsuaiuiq suup) D @ ‘Nasdy

. UL 8p6] “uop
-UOT pUB W0JRULL] ‘UONTPa PUOISS ‘(402 [ UOISUUI(T ‘NYWTTV A\ ‘1] PUE * M “Zotmmanyy
‘ug fguor ap 1 - £q ydiosisog
B3I ‘9£8-978 "dd “(7961) XD “ISNHONOST 2 *, PEREIIOOA SNSIAA woonsg,, A ‘NIOH
TL TL1T-861 'dd ‘7961 ‘wopuoT
‘andel 'D A £q PeNpe ‘woywvyuy ownjoA oY) ur ‘. PUBLIR( 9120185y Furjonuoy
U SYUeq [BNUS) PUE SJUSWUIIA0KD JO SSINIISUOdSay] 9ATIR[eY oL, ““M A ‘dOMLTOH
ECT “ppT 'p9-1 dd “(1061) 1117 ‘21uspvyy uayos
“ISYIRS 4ap aiyolaag RN WOA 21U SIP PUN IBIIUEND) 9P auwIorNy ai(,, 0 “4saTQly
HANIVHHOOH 'y pue Y “MEHOSN oS[p 295 ‘'ugp] Y MEINIVYHOOR]
UG TUFE (9G] ‘wIEpIaYIOY
UONNQLISIT dWOIUT PUD §S24B04,] [DO1UYD3 T ‘uotadwio) o1isijodouopy W *0 [ ‘ISHOHTI]
H#6 0561 ‘pIOJXQ ‘8194 appuf ay1 fo daoayf ayr o1 uoynqrimo) y ‘—
"UGET H(9P61 “UONIPa PU0DIS) GEGT ‘PIOJXO ‘iondo puv anppg g [ ‘SAOH
UpG T8P61 “UOPUOT ‘SoRuOU0IT IIupud(q D SpapMof g Y ‘aoMuvy
UYDOVH °f 'V PUB “(] 'f ‘QUOAHOLIJ 225 [ *y “UVOOVE]

£0Z STNVN 40 XHaNI

"Up6 t8T-1 "Ad ‘gp61 NI0X MoN wasuvgy

H wapy Jo douofr up sdvssg :donod ongng puv juswidojduisg ‘awoouy auIn[oA ayj ur
‘“Jomm[aaov oy} pue Iardnny a1 jo syoadsy [esrjpsn pue IBMmoag,, “W ¥ ‘NImaoon

Up6 “uLg T LEPT-STT dd f(0961) IITAXX ‘Datysuouosg
‘usende) Jo Umopyearg oyl Jo Sjoorg JEONBWSYIEI,, “N ‘NEDHOY-NOSAOU0TL)
HOg D "H [ ‘NIsLaw€an

00I ‘6LE-12E "dd “(6Z61) TIAXT
“U10$5p1LL dySTuouoyepUOUDN ¢ 1109 SYSIWONONE USp 13Prueusip Fo NS, ¥ "HOSTIY
"ugQ “ugy “ug 177/ ‘suvd “naoyd v] ap anbydjpup ari0pyx ¢ ] [ “9FEnoy
UG9T “prI ‘8SY-Eby PUR 66€-G8€ "Ad (09-6561) 11X ‘7yo14401up) ayoijifoyosuassymniou
pun ayasyvwaIow 43 UdUOISUSWI(] ‘ueBuniora|usgoIin QJUBLIBATIURYUIY,, ‘—
9LT “¥#1 *00¥-LLE "dd “(y561)
XIXXD Yisdyd 41f tfyosnaz * swoysfssguseq uayosipeysiyd Sop InPnng oI(y,, —
FPI 180€-T0€ "dd “($S61) TIIAXXXD sy
ANf frosnaz * IeMBN{UNg Sa[RUOISUSWIIPIYAT |8 Wojs{ssyrSog ayoasifeyiskyd se(y,, “—
UEFT T “NNYWHOSIET]
Z0T ‘68 ‘95 67 “JET 1T “u9T ‘8 ‘9 {1161 (10X MaN ‘dauopy Jo samog Buisvyoung sy ‘—
‘uzg “u] 19061 ‘UOPUOT PUB YIOX MON ‘Dwoouy puv ppndpy fo sumvnr aYy ] 1 “9FHSTY

[ "6£6] ‘UOPUOT PUR JIOX M3N “SOMUOUOIT 01 UOHINPOLIU] ;m_uvw'atpvw 0 D ‘sNVAY
LET *06 “upy “uLg ‘9f (0§61 ‘MOTSE[D pUR YIMAUIPH ‘UOPUOT ‘SauoN097

Jo suoyvpunoq ayj ‘uos{goH A\ 1 £q uonesuen ysiSug) (g6l ‘d1aqepreH

PUE USBUINQD “UI[ISg ‘UONIPS YIXIS “PHUOLOYQIDUONDN Lap UBDIpUNLY 1T A\ ‘NEong

IST *0961 “BUUSIA ‘WONIPa YIINO] ‘[ “[OA “Bunjjars
=0 4ayos1idpup up Bunuysssiosua] aap abfinzpuniy “GANTVEHOOF] V¥ pue “y ‘dgHISN(
65T ‘SPI *¥S61 ‘Sled ‘TONIPa PU0dIS ‘I *[0A ‘2.4qbly g “TEHan(

UEST ‘PPI 66-b8 "dd (£561)
ATX ‘voupwayiopy vipnis *, sisk[euy [BUOISUSWIC] JO suoTIEpUNO,] ay) uQ,, “'s ‘LOEOU(]
SVIONOQ "H "d PUB “M "D ‘@g0)) 228 “I{ 4 ‘svIo00(]
"UpG 1861 “UOPUOTT PUR NIOX MON “Sauday pavudvyr uyor fo sonuouosg 2 [ - ‘auvIIQg
LIHDVIA Y PUe “ “ANNYSAINQ) 225 Y ‘LAHOVIA(]
2 *f "] “ONOf 228 [ “DNOT H(]

UELT 16881 ‘onTel

oy, ‘Bunspjaquaisiuosuy aaaissaiboid 1ap 21402y ap 103 abpaplig “[ "V ‘L4VNLS NIHOD)
HEG “fLy Y€ 1691-6¢1 "dd ‘uawiaiddng {(8761) TIIAX

‘MY ONUOUOF UDILIAWE ¢, UOTIONPOX JO K100y, V., SYIONOQ "H "d PUB “ M "D ‘440D
ug 1ZET-pT 'dd (7L81) 11141108 poupwayinpy uopuot ay Jo sbuipaasoag

‘. SeNNuENy [BdISAYJ JO UONBIYISSE]D) [BONRIISYIRA 91} UO SHIBWAY,, [ “TTHMXVN-HHEIT1)
10 ©f 3 "MONNY osjp 2938 Supg fg7-1 "dd “(zse1)

XX ‘poryawiouody  oldioullg UONEIL[Ed0Y Ay} puw £yoedesIsnQ,, g "H ‘AMINIHD

I81 “S#I “$S61 ‘slieg ‘[ [OA ‘Sausapouwt 21qably 12 anbypuyney g LATILVHD)
22 (TEGT 10X MaN ‘dutouosy pioog fo 102y T a3 ] “uoireq " 'S £q

uonejsues} ysiiBuy) zeel ‘Srzdie ‘wonipe yyy ‘anuonoOIDIZOS 2YOS1RL03Y T D) “TASSVD)

STWNVN 40 XAANT Z0%



INDEX OF NAMES

including titles of works cited. The figures in italics refer to pages of the
present book.

AcCKLEY, G., Macroeconomic Theory, New York, 1961; 2, 33ff., 654

AvLas, M., Traité d’économie pure, Vol. 1, Les données générales de I'économie pure,
Paris, 1953, and Vol. 1V, Annexes. This is the second edition of a textbook published
in 1943; its title was then: A4 la recherche d’une discipline économique; 2, 10n., 13n.,
35n., 854f., 8941, 98n., 100n.

ALLen, R. G. D., Mathematical Analysis for Economists, London, 1938; 6, 7n.

—, Mathematical Economics, London, 1956; 99n.

—, Basic Mathematics, London and New York, 1962; 11n., 145n.

ANGELL, J. W., “The Components of the Circular Velocity of Money™, Quarterly Journal
of Economics, LI (1936-37), pp. 224-271; 16n. ’

Arrow, K. J., H. B. CHENERY, B. S. Minsas and R, M. SoLow, “Capital-Labor Sub-
stitution and Economic Efficiency”, Review of Economics and Statistics, XLIII (1961),
pp. 225-250; 34, 38ff., 40n., 48(f., 129n.

BEER, L. A. DE, 3n.

BIRKHOFF, G., Hydrodynamics, Princeton, N. J., 1950; 63, 143

—, in Mathematical Reviews, X1I (1951), p. 580; 3n.

Bouma, J. L., 35n.

BouLpING, K. E., Economic Analysis, fourth edition, Vol. II, New York, etc., 1966; 2

BoURBAKI, N., Eléments de Mathématique, Vol. 11, Algébre, second edition, Paris, 1951-55;
145, 147, 159, 168n. )

Bousquer, G. H., Institutes de science économigue, Vol. 111, Paris, 1936; 2n.

Brewms, H., Product Equilibrium under Monopolistic Competition, Cambridge, Mass., 1951;
2, 45 ’

BrIDGMAN, P. W., 34

—_, Dimensional Analysis, New Haven and London, revised edition, 1931; 3n., 20, 24n.,

 29n., 44n., 51, 56, 143 '

—, “Dimensional Analysis”, Encyclopaedia Britannica, Chicago, London and Toronto,
1947 or 1962 edition, Vol. VII, pp. 387-387; 3n., 13, 18, 51, 127n., 136n.

BRISCOE, J., A Discourse of Money, 1696; 27ff., 65, 125

BuckinGHAM, E., “On Physically Similar Systems; Illustrations of the Use of Dimensional
Equations”, Physical Review, IV (1914), pp. 345-376; 3n., 8n., 51n., 52n.



‘(496 up pappy] "PajES[ISoAUT 98 S)IUN JO WojsAs UAAIS B JO moIsua)xe o1} Sururen
-u0d suopsenb pajoouuos pue ‘poqrrosap ST suopeoidde o} [ejuswepuny wsnydiowourory
A, "U2AId ore SorwRUApPOINIe pue soluelow ‘Anjowroed 0} suopedydde ‘aXof ‘6H—¢]
“dd “(9961) IITAX ‘1fpyosyjasasn U1 fOYISUBSST uayasiBlamyasunvag iap uaBunjpuvyqp
f M1shyg 1op S[TA[EyULgQID) sop Sunpuomuy pun SMO2MY, InZ,, ‘open) ‘M :ur pejussaxd
2Ie sisf[eue [gUOISUAWID JO suoneoridde pue A1oey) ayj wo SUONBIAPISUOD Jogpn,y

*aNSS] I8 [U)s 21w
YoM woneoridde jo swopqoxd asoyy Suikjrrep jo yse) ay) wodn Surrejua
10J SISEq PIJOS ® UIL)QO 0} I9pIO UI JUOP UA3q SBY SIY ], ;"8urssed ur pagonoy
u2aq £[uo sey sisfjeue [euorsuSTIp Jo uoneordde oY) seeroym “passons
Us2q Sey| UOIfEpuUNOJ [RONBWIAYIRW I, ‘Injonms orelqodje sy Suiqrios
-3p £q pajussaxd aroy st siseq ® Youg "UONEPUNOJ [EONPUWAYIEUI © Spasu
‘003 ‘sisk[eue [euOISUAWIP OS ‘snmoyeo AIad Jo onn st sy ‘sdiysuoneer
9530} jo uonEoyLIR[o [enjdoduoo ® Jo pasou o) ur Spu®)s 0uaLos ® se sorsyd
ouls douryIodunr Jo Jeyjeur B ST SIyy, "saouapuIdapIaur ure 1o Jo uondiios
~9P 20} 0} [nyesn Spewr 0q UEO vIQAZ[E UIOpPOW Jo sporjewr pue sydesuod
oY) MO moYs 03 ST SIsATeue [euOIsUSMIP Jo worsodxa S13 Jo aA1102[qo vy,

andopdyy of

‘SIaquunu [BaI Y} JO ¢ PIAY o)
ya orydrourost st yeyy y prayf v uLiof sjuawala asoym aovds 01saa Ao djuo
241 S1 oI o7 9oeds Jojooa oty ojdurexo SIU} UI JeY) SI SIY) 10 UOSBAI Oy,
‘(¥°S1) 03 vonIsUERn oY) axyew 0) uay) pue (0['s1) uonenba 9JBUIPI0-02 21
SLIM 0 381l ATBSSA00U ST 91 “AI0SY) S1Y]) 0) Surpioooy sishpeue [eUOISUSUIIP
40 amjonns oreiqade oy jo Kroeyy oyy £q pagnsnf jou st aanpaooxd siyy,
USPLIA ST (9°G]) “nsar e se ‘pue ‘(8°S1) 911 uonenbe QJRUIPIO-0D B Ul
S9JEUIPI0-09 Y} IOJ PAINIIISQNS I8 $JUSWA[A- A Surpuodsa1ion ayyy uayjo 121
suaddey 31 moyy stsiy, ounsip Apjorns 3day oq jsnur SjusUISa-A pue SIDqUINU
1eq) Juowaxmbor o) jo oreme skempe jou ore sisprsfyd  Apuereddy

"UOTBIOU JO21I00 B OS[E ST YoIyM

(s's1) (E) Ox = x

!
:9I0J219Y)) ‘pue

-3

1 X
*UreIqo am (Z1°1) pue (11°61) “(01°sT) Suruiquon

661 SALLLINYAD TVDISAHA ONLLYITY SNOLLYNDE I8

-

ST2QUINT [831 313 JO ¢ PIOY 34} 4314 Orqd I0WOSI ST 1BY) Y Ploy & UIIOJ STUIWIA[
Uong “o.L (7 0vds 101004 oY) Jo syumewape axe ,(07/7) pue %/; Ox[x oroym

@ a(3)= ()

SMO[[0] Yorya woij

0y 0

oSo T = 7
pue

0 0y

(rrs1) =g
J9JLIM

Keur om “‘paapuy “reded smp Ul Y3I0j 398 sisk[eue [euoisuswip jo sworxe
U} AL JUDISISUOD ST JBY) UOHEIOU oY) SI Yorym “(H°¢1) 03 (01°1) woxy
1340 08 ApjeIpawmy ues ouo ¢ U0I}0as Uf paurelqo symsal oy} Suisn Ag

' 01 B?
(orst) (;) =z
101 spea (6°G1) pue (8°¢]) suonenbo ot} woiy 4 jo uoneuryy
(6'57) 2l =03

:(8°1) woiy sureiqo suo g < %2 — 2 10
LTg) ¥ "0 < 1 I0f pauyap £uo 210j
RIAISIAL 7y 4y 1@ = 2 KIUSPL oY) £q pouysp ST 2 uonouny ayj siskjeue jeol
“IEUISRU UT BT} PI[[R0ST 2q LU J] 1991100 910J0IT) SI(8°61) woryenba oy,
T JO sjudwI ST jey) ‘SIOqUINU [BAI OIe (§°G]) Wl FULIINDIO sfoquiks 1y

(8:51) 0<2 =3

ST uonenba a)eurp10-00 oy ‘(puosss = g 9I0UM) §2 = ] pue (anom
= W AYM) MY = X JT ‘SNY], ‘S)USWI[-A o} JO S9)BUIPIO-00 A1) JO SULI]

(UL Uapuim uonenba oy ‘st jey) ‘mopow jo «uonenba ojeuipro-oo,, ayy uo

$padooird way) ouQ “AeM juarapIp ® UL p3urejqo oq osfe ues (') woryenby

§210UIP10-07)
bunvjay suoypnby wioaf buisity spuawa)g-, bunyvyy suononby ¢y

'dd¥ "HLVIW SISATVNY TYNOISNIWIC 40 HAINLOMIALS DIVHEaDTY 861



196 ALGEBRAIC STRUCTURE OF DIMENSIONAL ANALYSIS MATH. APP.

satisfactory from a mathematical point of view. This can only be done for
integral values of a.

Theexample given above shows thatcalculating withphysical quantities does
not obey without restrictions the same laws as calculating with real numbers.
(See also the example given on pp. 188-189 concerning the logarithm of a
quotient.)

15.2 V-Elements QOccurring in Differential Equations and their Solutions

Let us consider the following problem in kinematics. Assume a point is
moving along a straight line, which will be called the x-axis. Let this moving
point have the abscissa x at the point of time 7. Let it be required to describe
the motion satisfying the linear and homogeneous differential equation:

—_— i

- - (152)

dx x

t
In other words, it is required that the value of the instantaneous velocity
be proportional to the quotient of abscissa and time. Let the constant o be
some real number different from zero: o € Q.

From the viewpoint of dimensional analysis the differential equation (15.2)
is obviously correct, since at both sides are V-elements whose dimension is
“Length/Time”, that is, if we use the symbols that are conventional in
physics:

dx

dt 7 aat

m?eLT‘l %lxe‘ T = LT—‘

By separation of the variables the differential equation takes the form:

dx ' dt
=

(15.3)
X t

At both sides of this equation the V-elements are elements of the vector
space L°T° — that is, the vector space of the dimensionless variables. They
are, therefore, elements of the field K (see p. 167 and section 13).

Integration of this equation takes place within the field K and is, therefore,
a legitimate procedure. By integration the following solution of (15.3) is
obtained: - -

: : 1) :
- A% "‘\]';EEL—--——-—"XL) € |
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@
S (i) (15.4)
Xo to
This equation represents the solution that takes the value x = X, for
t = to. There is only one solution satisfying the required initial condition.
Written in this form the result is correct in the sense of dimensional
analysis, since at both sides of (15.4) are elements of the vector space 7 Oyl
As a basis of LOT°® we may choose, for instance, m°s® where m means
“metre” and s “second”. The notation (15.4) has the property that the
elements of the vector spaces L and T can be represented by using arbitrary
bases, which means that equation (15.4) is invariant with respect to a change
of the bases. The requirement of invariance implies that the units of measure-
ment do not occur explicitly in such an equation.
It should be obvious that the following notation, which can be deduced
from (15.4), is also correct in the sense of dimensional analysis:

- (l) (15.5)

tg

for at both sides we then have elements of the vector space L.

In physical literature one frequently comes across the following notation
instead of (15.5): '

x = c* where ¢ =20 (15.6)
o

However, this notation does not completely satisfy the requirements made
by dimensional analysis in this one respect that a vector space with a basis
(second)® is only defined for integral values of &.

Now, one needs not necessarily object to the notation (15.6) if only one
has a clear vision of the meaning of an equation like (15.6). For, from (15.6)
one can immediately reach (15.4), and vice versa. From (15.6) one comes to
(15.4) by writing the following equation, which follows from (15.6):

Xo = ctg (15.7)

and then eliminating the constant ¢ from (15.6) and (15.7). Oa the other
hand, the transition from (15.4) to (15.6) is problematical in this one respect
that the symbol & occurring in ¢ = x,/tg is not defined unless o is an
integer.
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This is a system of linear and homogenous equations in the v unknowns
;. Its matrix (a,;) is the transpose of the matrix of the system (14.1).

Let p" = p < v be the rank of the matrix of (14.1). The matrix of (14.2)
will then be of the same rank. The system of equations (14.2) now has v—p’
linearly independent solutions. These solutionsare v-tuples of rational numbers
for the elements of the matrix (o,;) are integers. If every v-tuple is multiplied
by the common denominator, and if then the v-tuple of integers so obtained
is divided by the highest common factor of the elements of the v-tuples,
a “minimal” v-tuple of integers is obtained, which is a solution of (14.2).
There exist v— p’ linearly independent solutions of this sort. This is the proof
of:

THeOREM 1: If G is a free Abelian group whose generating vector spaces
are Ay,...,A,, and if every V-element xy,...,x, (where v > p) is an
element of a vector space belonging to G, then there exist v—p' independent
monomials:

r

v
o,
Ye = T 25" K=1,..,v=—p
i=1

which are elements of the field K; p' here denotes the rank of the matrix of
the system of equations (14.1).

It follows from this Theorem that arbitrary functions F can be formed
from the variables y,,...,y,_,. This can be accomplished in the way
described in the preceding section, since the variables y,,...,y,_, are
elements of K; F(yy,...,»,-,) itself is then also an element of K. If in
F(yy, ... »y-,) the corresponding monomial in the x;, is substituted for
every y, (where k. = 1, ..., v—p'), a function of the V-elements x,, ..., x,
arises:

@(xl el xv) = F(yl Aos iy yv—p’) - (143)

which is an element of K. The function so defined on the V-set is not an
arbitrary function of the arguments x,, .. ., x, but a function of a function,
which arises from F(y,, . . ., y,—,) by substitution.

Let us label the functions @(x,, ..., x,) so obtained functions of the
class (C). The functions of this class are characterized by their being elements
of K'and by the fact that they arise from an arbitrary function F(yy, . . ., yy—p)
€ K defined on K by substitution of the monomials in the x4, . . ., x, belong-
ing to the field K for the arguments y,.

If @(xy,...,x,)1s a given function of the class (C), then according to
Theorem I there exist exactly v—p’ monomials y, = [[}=, x7** belonging
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to the field K that can be formed from the v given arguments x, . . ., X,.
As @ belongs to the class (C), we have ®(x,, ..., x,) € K, and a function

F(yy, ... ¥y-,) € Kexists such that (14.3) is valid. With this the n-Theorem
— also called Buckingham’s Theorem — has been proved:

THEOREM 11 (n-THEOREM): Let @ be a function of the class (C). Then it is
true that ®(x,, . . ., x,) € K, and there exist exactly v—p' independent mono-
mials y, = []i=1 x3* belonging to the field K, such that:

¢(x1s---9xv)= F(y]_:"-ayv—p’)

The v-tuples of exponents (64, . .., 0,,) defining these monomials are the
v—p' linearly independent solutions of the system of equations (14.2) referred
to in Theorem I, where p' denotes the rank of the matrix of this system of
equations.

Note: With (C) an extensive class of functions defined on the set of
V-elements is described. Is it possible to define yet other classes of functions
on this set? One may answer to this that on the ground of the axioms
monomials are indeed defined on the V-set, but no polynomials (that is,
sums of monomials) since the V-elements do not form a ring (see section 3).
One can even show that among the set of V-elements belonging to the
vector spaces of G, the set K is the one and only subset whose elements form
a ring. That is why of all functions which are definable on the V-set only
those of the class (C) have been drawn into the consideration.

The functions of the class (C) are mainly used in dimensional analysis.
Let ¥/(xy, . . ., x,) be a function which is an element of spme vector space.
belonging to G,. If ¥ is divided by a basis of this vector space, a function
D(xy, . . ., x,) arises which is an element of K. That is why in considering

functions one can confine oneself to those functions that are elements of K.

If, furthermore, the function @ is supposed to belong to the class (C), then
it follows from the n-Theorem that:

D%y o %) = FlYgs v Posyr)

With this @ is reduced to a function F whose arguments belong to the field
K. Since F(py,. .., y,—,) is itself an element of K, we may write:

qj(xl: Vil xv) = F(yl y woelin yv—p’) = 7e (14'4)

where y € @ and e is the unit element of K. Every physical equation can be
put in the form (14.4), provided that ® belongs to the class (C).
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If, conversely, a mapping of K’ onto K’ defined by the function y = F(x)
is given and if Q" and Q" are the images of K' and K" produced by ¢, then
by virtue of y = F(x) every element of €' is related to one and only one
element of Q". This means that a function # = f(¢) is defined on Q'. For
this function it is true that:

f=oFp!
since the following holds good:
n =) = eF(x) = pFp~ ()
According to (13.1), (13.3) and (13.4) we may write:
F(x) = F(&e) = o~ {flp(te))} = o~ {A()}
The relation ¢~ 1(£) = e following from (13.3) gives the final result:
F(e) = f(§)e (13.5)

If the element x € K is identified with the number £ € Q2 — corresponding
to the isomorphism existing between K and @ — then the element y =
F(x)e K is to be identified with the number y = f(£) € Q. This follows
immediately from (13.5).

The meaning of formula (13.5) may now be illustrated by two examples.

(a) If the basis e is taken as “radian”, then it is true that:

sin (¢e) = (sin &)e

Strmtly speaking, at the left hand side of this equation a symbol other than

*“sin” should have been written, since we arc here concerned with the fuuotlon

mT{sm ((;o [£e])}. 1t is nevertheless conventional to employ the same symbol
on both sides, in the same way as the same symbol is used for sinz (z
complex) as for sin x (x real).

~ (b) The second example shows that in applying (13.5) it must not be
forgotten that this relation is only valid for elements of K. Let a; = o, a,
and a, = o, a, be two V-elements of the vector space 4 of the length. The
quotient of these two elements is:

o o
[ay,a,] = [0,a0,02a0] = —l[ao, ap] = e
th az
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The logarithm of this quotient is, according to (13.5):

log[a,, a;] = log (E e) = log (ﬁ) e
0 o

On the other hand, one must nof write:
log [ay, a;] = log a,~log a,
for the logarithms at the right hand side are not defined, since a;, a, € 4

whereas 4 and K are disjoint.!
The formula: '

log (ée) = log E+loge
does not make more sense, since log £ € Q but — according to (13.5) -:
loge = log(l.e) = (log 1)e = 0ree K

and an addition between elements of @ and elements of K is not defined.
On the other hand, the multiplication theorem of the logarithmic function
does have validity for elements of K. Indeed, we have according to (13.5):

log ((61 e)(&, 9)) = log ((5162)‘—’) = (log (5152))3 =
= (log &, +log &)e = (log &,)e+ (log &;)e

The results obtained for functions of one variable will now be extended
to functions of several variables. It will be sufficient to describe the procedure
for functions of two variables, since this procedure can easily be extended
to functions of more than two variables.

Let us now consider the set K x K, that is, the set of all pairs of elements
of K. By virtue of the mapping ¢ of K onto 2 defined by (13.1) the set
K x K of pairs is mapped onto the set of pairs Q2 x Q: e

|
(X1, x3) = (&4, &)

\ r \?)
Let this one-to-one mapping be represented by: .

D(xy, x2) = (1, &2) (13.6)

1 The equation log (aya,) = log a,-+log a, is correct if and only if both a;, and a, are
elements of the field K. However, a,a; can be an element of K without a, and a, being
elements of K. In this case log (a,a,) is defined: it is an element of K, but then log a, and
log a, are not defined. [Added in 1966].
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If the free system “Length, Force, Time” (Force System) is substituted
for the basis “Length, Mass, Time” (Mass System), then this Force System,
too, is a basis of the additive Abelian group I'. The new generating elements
w', wy, w5 are obtained from the original w,, w,, w; according to:

0] = o,
Wy = Wy +wy—2m,
w3 = w3

The matrix A of this system of equations is unimodular, as should be clear
from inspection. The triple of co-ordinates (o}, oy, 3) with reference to
the basis @, ), w} results from:

oy = 0y — 0y

r
012 = “2
206+ 03

The matrix of this system of equations is (A™1)", that is, the transpose of
A~'. The matrix (A™")" is unimodular (see section 11).

It should be noticed that, for instance, “Length, Energy, Time”, or
“Velocity, Impulse, Power™, or “Length, Mass, Velocity” form also a basis.
On the other hand, “Length, Mass, Acceleration” do not form a basis,
since the corresponding transformation matrix is not unimodular: the value
of its determinant is —2. Let us not proceed with mentioning still more
possible bases. It may again be pointed out that there are infinitely many
of them.

Now we are going to examine additive Abelian subgroups of I'. Only
additive Abelian subgroups with less than three generating vector spaces
will be considered here.

Let A be a subset of I'. It is demonstrated in linear algebra that the
following statement is true: If for o € A and w" € 4, w'—w' € 4 is also
valid, then A is a subgroup of I'.* Tt is therefore possible immediately to
ascertain that the subsets of I" to be discussed in the following are additive
Abelian subgroups.

1 For further guidance in submodules the reader may be referred to Chatelet, Vol. I,
pp- 194 ff.

i/
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(a) The elements: A
b
form a subgroup of I' where w, and w, — corresponding to the vector spaces
of length and time — are the generating elements. By means of the elements
of this subgroup it is possible to represent not only the vector spaces that
belong to geometry, but also those of velocity, acceleration, angular velocity,
ang leration, etc. This subgroup suffices for dimensional analysis in

kinematics.
¢ elements:

W = 0y +030; (ory , 003 integers)

w = ajojt+aswy (o, o integers)

where o', and w}, have the above-mentioned meaning, form a subgroup of I'.
The two generating elements of this additive Abelian subgroup correspond
to the vector spaces of length and force. By means of these two vector
spaces it is possible to represent not only the vector spaces that belong to

geometry, but also those of fOI‘(j?hl ment, energy, etc. This subgroup
suffices for dimensional analysis in sfatics. )

(c) By means of the additive Abelian subgroup whose generating elements
correspond to the vector spaces of energy and time the following vector
spaces among others can be represented: plane and solid angle, time,
angular velocity and angular acceleration, energy, moment, power. This
subgroup suffices for dimensional analysis in describing the mechanics of
rotary movements.

At first sight it may seem amazing that, for instance, the plane angle
occurs in this subgroup notwithstanding that the vector space of length,
which is required for its definition, is not contained in the additive Abelian
subgroup. This ostensible contradiction can be explained as follows: An
additive Abelian subgroup must never be considered by itself, but it must
always be taken as a part of the whole additive Abelian group. Now, every
subgroup of I" contains the zero element of I'. Hence, the additive Abelian
subgroup under consideration contains also the plane angle.

13 Functions of Elements of the Field K

In physics the V-clements of the field K are labelled “dimensionless
variables” or “dimensionless quantities”; the expressions “dimensionless
products” and “dimensionless numbers” are also used. In the following
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where the oy, too, are integers. This can be shown in the following way:
It follows from (11.1) where the o, are integers, and from (11.3) where by
virtue of the unimodularity of A™! the o, are also integers, that:

p [

I
0 = Z Oy @)y = Z “p( Zla;v w,)
S

p=1 p=1

i

] P P
=2 (¥ auep)o) = 3, ayo
&

v=1 p=

Hence, the o), are also integers. By this the following Theorem has been
demonstrated:

TueoREM 1: If wy,...,w, is a basis of the additive Abelian group I
then @', ..., w, is another basis if and only if the matrix A = (v,,) in:
P
w, = ) 0,0, v=1,...,p
u=1

is unimodular. ;

The equations (11.4) and (11.5) indicate how the integral co-ordinates
of a lattice point are transformed if the basis is changed. The matrix in
(11.4) is the transpose of A, and the matrix in (11.5) is the transpose of A™*.

Let A be some unimodular matrix. Then by virtue of:

' = Aw

every element w € I' is related to one element @' € I'. As w is a p-tuple of
integers and A is unimodular, the p-tuple @’ contains integers only. If,
conversely, @’ is an arbitrary element of I', then just one w € I' is related
to @ by Aw = w'. This w € I' is clearly w = A~ 'w’. Hence, A describes a
one-to-one mapping of the additive Abelian group I' onto itself.

This mapping is even isomorphic, since for w,, w, € I' the following
equation holds:

Alw,+0,) = Aw, +Aw, = 0} +o)

which means that the image of the sum equals the sum of the images. By
this the following Theorem has been demonstrated:

TaeoreM II: The transformation o' = Aw (where A is a unimodular
matrix) describes an isomorphism of the additive Abelian group I onto itself,
that is, an automorphism.

§11 CHANGE OF THE BASIS 181

There exist infinitely many bases. This can be seen from the special matrix:

L, %25 G4z, v %,
A= 3 TR | ' oc23j '. . .', 02,
0, 0, ., .pep A

where the elements of the main diagonal have the value 1 whereas the ele-
ments at the right hand side of the main diagonal are arbitrary integers.
This matrix is unimodular. With this an infinite subset of the unimodular
matrices is indicated.

THEOREM I11: The unimodular matrices form a group.

For if two unimodular matrices are multiplied, the result is another
unimodular matrix. This is so since the determinant of a product of two
matrices equals the product of the determinants of the factors. If the matrices
are unimodular, the value of the product is again 1 or —1. Besides, the
associative law is valid under multiplication of matrices: the neutral element
— that is, the unit matrix E — and the inverse matrix A~! of a unimodular
matrix A are both unimodular, as has been pointed out above.

It should be noted that the transpose of a unimodular matrix is again
unimodular. The same is true of the adjoint matrix of a unimodular matrix,
and also of the symmetric matrix which arises if a unimodular matrix is
multiplied by its transpose. :

A detailed treatment of the theory of unimodular transformations will
be found in the work of A. Chatelet already quoted in the Introduction.

12 Application to Mechanics

In classical mechanics one conventional system in measuring quantities is
the CGS system, where the letters CGS denote, respectively, “centimetre”,
“gram”, and “second”’. Expressing the same idea in the language of algebra
we substitute “V-elements™ for “quantities”. It is then said that the free
system of one-dimensional vector spaces is made the basis of the considera-
tions. The elements of these one-dimensional vector spaces are lengths in
terms of centimetres, masses in terms of grams, and time intervals in terms
of seconds. Here the ‘““centimetre” serves as basis of the first vector space,

1 Chatelet, Vol. I, pp. 194 fT.
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infinite cyclic group mentioned in Section 7. The general element of G, is:
X=4%.. 01

where (o, 8, .. ., A) can be any p-tuple of integers. The neutral element of
G, that is, the image of [agby ... lo, apbg ... 1], is A°B°.. .L°.

Theorem IV of section 7 can also be copied directly:

THEOREM X: The elements of the quotient set G|H — which are the classes
of the Ry-equivalent elements of G — form a group that is isomorphic to G,.

Finally, it may be remarked that it is conventional in physics to say about
the element [¢'al ...Ih,¢"a% ... 171G that it has the dimension
A* ... L* where:

o=a—a",..,A=A=1"

According to this terminology, in physics the image of a V-element that is
situated in G, is labelled its “dimension”. 1t follows from this that two
V-elements having the “same dimension” belong to the same vector space
and can, therefore, be added. These properties will be commented upon by
means of examples in section 12.

Furthermore, it follows from Theorem IX that the “physical dimensions”
form an infinite free Abelian group. As far as I know this has been pointed
out by R. Fleischmann for the first time.*

10 = Additive Representation of an Infinite Free Abelian Group

Let us consider the infinite free Abelian group G, that has been introduced
in the previous section. Changing the notation a little we can write its
general element as follows:

X B HriI]_ (A#)“p

The elements 4,, 4,, ... 4, are the generating vector spaces of Gy. The
exponents o, are integers. If the generating vector spaces are kept unchanged,
each element X € G, can be related to a p-tuple of integers:

@ = (0, %3505 0,)
If w is understood to mean an image of X: L{ £ 'C,‘.O -7 Z Q =
© = p(X) (10.1)
! Fleischmann, “Die Struktur . . .”, already quoted in the Introduction.

—~
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and if I' denotes the set of the p-tuples w of integers, then the mapping of
the sets G, and I' thus described is one-to-one. Every element X in G, is
mapped onto one and only one p-tuple w € I' of integers, and conversely.
For instance, the element A1 4J .. .Ag is thus mapped onto the p-tuple
(1,0,...,0).
. TuEoREM L: The set I' of the p-tuples w of integers forms an infinite free
additive Abelian group (module) which is isomorphic with the group G,.
Proor: Let the operation of multiplication in G, correspond to the opera-
tion of addition in the image I'. If X and X"’ are two elements of G, then
their product XX’ = X"’ is also an element of G,. If w, o', @" are the images
of X, X' and X", then the image of the product XX’ is the p-tuple:

w+wt = w-‘f
From this it follows by virtue of w = @(X):
P(X)+o(X') = p(X") = p(XX')

which means that the sum of the images equals the image of the product of
the corresponding elements of G. Hence, G, and I' are isomorphic. Q.E.D.

The p-tuple (0,0, ..., 0) corresponds to the neutral element of G. If @
is the image of X, then the image of X ' is —w. If ®y,..., w, are the
images of the generating.vector spaces A;,..., 4, of Gy, that is, if
o, = @(4,), then

o(X) = 3 t,0(4)

or

P
® =} a0,
p=1
is the image of X = [[/_,(4,)™.

Since w, is the p-tuple all co-ordinates of which (except the uth one
which has the value 1) have zero value, the system wy, ..., w, consists of
p linearly independent p-tuples.

From this follows:

TuEOREM I1: If the elements Ay, . . ., A, form a basis of G, then their
images wy, ..., @, are linearly independent, and they form a basis of the
additive Abelian group I'. Each element of T’ can be represented by:

(10.2)
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Hence, the vector space K cannot be a generating vector space of a free
system of rank 1, in contrast to the vector space A.

Finally, it should be recalled (see section 3) that in the relevant physical
literature the basic elements of the generating vector spaces of a free system
are named ‘““basic units”. According to this terminology neither the unit of
the plane angle nor the unit of the solid angle can be basic units: they are
““derived units”.

9 Free Systems with Two or More Generating Yector Spaces

The contents of this section fit in with the final part of section 3, and the

results that have been obtained for systems with one generating element in

sections 4-7 will now be generalized so that they apply to systems with

more than one generating element. The following argument being analogous

to that of the previous sections, it will be kept somewhat more succinct.
If 4, B, ..., Lis a free system of rank p, then the set:

N={48"...1}} (aB,..., A natural numbers)

consists of vector spaces which are pairwise disjoint. The general element
of the vector space A*B”?...L* is Ea%by ... I} with £e Q. As has been
pointed out in section 3, the union set containing all elements of the vector
spaces of N is a commutative semi-group.

The general element of the set S that was introduced in section 4 is:

x =&afbh... 18 where E#0

since, in forming S, in each vector space belonging to N the zero element is
left out. As in section 4, here, too, the following theorem is valid:

TueorEM I: The elements of S are regular and form, therefore, a commuta-
tive regular semi-group.

The proof runs analogously to that of Theorem I of section 4. If we have
u, x, x' € § and the equation ux = ux’, then it is to be proved that the
equality:

x=x

follows from the last-mentioned equation. For if the elements of S on both
sides of the equation ux = ux' are to be equal, they must be elements of
the same vector space. From this it follows, first, that x = x" (mod R;).
Moreover, x and x" must have the same co-ordinate with reference to some

s i i
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basis of the vector space to which both x and x’ belong, since u cannot be
a zero element. Hence, the equality x = x’ must be true. The elements of
S must therefore be regular and the conclusion is that S is a commutative
regular semi-group.

With reference to division it must be said that in S it is only possible
under restrictions. Division, that is, the solution of the equation:

ux = u'
by an element x € S is only possible if for ue A*B*? . .. L* and u’ € 4* B¥
... L* the p conditions:

<o, B k<

are satisfied. However, as soon as even one of these conditions is not satisfied,
the division in ' is infeasible. This conclusion is reached in a way analogous
to section 4.

Just as in the case of free systems with one generating element, so the
question is now how to imbed the regular semi-group § in a group. It is
necessary to do so as in a group division is feasible without restrictions:
there exists an inverse of every element in a group. The procedure of im-
bedding a regular semi-group S in a group has already been described in
section 5. The results formulated there remain unaltered irrespective of the
rank of the free system. Hence:

Tueorem II: The classes of pairs of V-elements — that is, the elemenis of
the quotient set (SxS)/R, — form an Abelian group G with respect to the
multiplicative operation (M).

If the general element of G is written:

xo=TEabbl ioolgs el il
then the unit element of G is the class:
laphg - .. 1o, apbg ... 1]
and the inverse element is the class:
[¢'agbly ... 1, tagbh ... 1}]

Theorem II of section 5 can be copied directly:
TuroReM 111: The regular semi-group S is isomorphic to a proper subset

of G.
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of H, we obtain:
[e'al®?, pRlay*'] e G

This element is Rj-equivalent to [aal, fay]. It belongs, therefore, to the
same vector space as (cah, fag]. The same result appears if [wal, fap]
is multiplied by the number «'/f’, namely:

[wo'a, Bpaz] = [oa'a*?, ppay*"]

This means that, although the concepts of “number™ and “element of X

— the latter being a class of pairs of V-elements — are defined in a different
way, in dimensional analysis they may be substituted, the one for the other,
without t i

The result not being affected by this substitution it has been customary,
in theory as well as in practice, to “identify” the elements of K with numbers.*
By virtue of the isomorphism mentioned above this may indeed be done
without fear of inconsistencies.

It is nevertheless misleading to state that the elements of K are elements
of Q. The elements of K are the classes [0a,, fa,], that is, classes of pairs
of V-elements. In addition, it is conventional to identify the unit element
of G, that is, [ag, ay], with the number 1. It should be noticed that this
element is_idempotent, which means that every power of this element equals
the element itself.

Let us now consider the mapping:

f(la5,ac]) = A" A =p—v (7.2)

This is a mapping of the elements of G, onto the set of the 4* (where
A=0,+1, +2,...).

If we write G, for the set of the images 4*, the following theorem is valid:

TueoreM I1: The elements of Gy form an infinite cyclic group whose
generating element is A; the group G, is isomorphic with G,.

In effect, the mapping (7.2) is one-to-one, for two elements [a§, ag] and
[a}, ay ] of G, are equal if p—v = p’—v'. Further, the image of the product
of two elements in G, equals the product of the images of the factors:

f([ab, asllab, ag]) = f([a*™", ay*"]) = 44"

where A = p—v, I’ = u'—v'. It is evident that the elements A* (where 1
is an integer) form an infinite cyclic group.

1 See on this: Van der Waerden, pp. 54 fI., and Bourbaki, chapter II, pp. 107-108.

Cw: {AA\)\EZ’S
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It should be noticed that the generating element A is the image of
[ag, ao) € G4, and that the neutral element A° is the image of [a,, ao] € G,.

From this and Theorem II of section 6 it follows immediately that:

THEOREM 1V: The elements of the quotient set G|H — which are the classes
of G - form a group that is isomorphic to G,.

As has been shown above, the elements of a class of G form a vector
space. Hence, it follows from Theorem IV that two V-elements have the
same image in G, if and only if they belong to the same vector space.

From the results given above it follows that a group which is isomorphic
to G can be obtained if the concept of product of two groups is applied.
One of the factors is then the multiplicative group of the non-zero elements
of Q, the other is the infinite cyclic group having aj (where 1 = 0, £1,...)
as its elements.!

In physics it is conventionally said that the element [oual, fag]e G has
the “dimension A4*” (where 1 = p—v). In other words, the image of the
element under consideration which is situated in G, is labelled the “dimen-
sion” of this V-element. In this sense the dimensions form an infinite cyclic
group having A as its generating element. Two V-elements have, therefore,
the same “dimension” if and only if they belong to the same vector space.
As the elements of a vector space form an additive Abelian group, V-elements
having the same dimension can be added to each other. With this a peculiar-
ity of the dimensional analysis has been described which deserves special
attention. We will go more into detail of this in the final part of the next
section.

8 Application to Geometry

Lengths, areas and volumes are concepts belonging to geometry. For the
representation of lengths, areas, and volumes V-elements are used. Let the
vector space A of the lengths be the generating vector space of a free system
of rank 1. The vector spaces 4, A%, A%, ... are then disjoint. Let us choose
a, = 1 metre as the basis of 4. We can then take a3 = 1 square metre
as the basis of A2, that is, the vector space of the areas. In the same way
we can consider a3 = 1 cubic metre as the basis of 43, the vector space of

the volumes. The vector spaces A%, 4%, . .. will be left out of consideration
here.
L Cf. Fleischmann, “Einheiteninvariante GriBengleichungen, ..."”, p. 449. See also the

Note in the first part of section 6.
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the elements of the vector spaces A*. By means of (6.3), the elements of G
are partitioned-into disjoint classes, for every element of G has just one
image, and two_glements of G are contained in the same class if they have
the same image. Two elements of G having the same image and, therefore,
belonging to the same class will be called Rs-equivalent. But two images
[at, a}] and [af , a} ] are equal if and only if the pairs (a§, ap) and (af , ap)

are R,-equivalent, that is, if af™" = af ™, or p+v' = p'+v, or

p—v=p = (R3)

The relation (R,) is the equivalence relation which is necessary and sufficient
for two elements of G to have the same image and, therefore, to belong to
the same class. The equivalence relation (R;) is reflexive, symmetric and
transitive. '

If two elements of G, say, [xak, fay] and [o'd} , B'ay ], belong to the
same class, we write:

[oaf, Bay] = ['ag, B'ag] (mod R;)

With reference to the law of multiplication (M) which is valid for the
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elements of G, the mapping (6.3) represents a homomorphism, which means

that the image of the product of two elements in G equals the product of the
images of the factors. Indeed, if [xaf, fap] and [o'af, f'ag] are two
elements of G, then their product is:

[, ppay"™

and the image of the product is [a4**, ay*"'] = [a, adllal, ab 1.

Since in this homomorphism the images are again elements of G, we have
here to do with a case of “endomorphism”.

Let the set of images — that is, the set of the classes [ag, ag] where pand v
are natural numbers — be written G, . It is a subset of G and it has the follow-
ing properties:

(a) the elements of G, form a semi-group which is homomorphic to G;

(b) the image of the neutral element of G — that is, the class [ag, ao] -
is the neutral element of Gy ;

(c) inverse elements of G have inverse elements of G, as their images.

Hence, we can formulate the following:

THEOREM 1: The images of the elements of the group G form a group G,
which is a subgroup of G and which is homomorphic to G.

W

§6 GROUP G 165

It can be demonstrated by calculation that the multiplicative operation
(M), which is valid for elements in G, is also valid for the classes of G.
Consequently the set G/R; — that is, the set of the classes into which the
elements of G are partitioned by the equivalence relation R; — is isomorphic
to the group G,. So we may now state:

THEOREM 1I: The elements of the quotient set G|R; — that is, the classes
of G — form a group which is isomorphic to G,.

The group G/R; is called the quotient group of G with reference to (Rj).

Those elements in G whose image is the neutral element of G are of special
importance. They are the classes [0ay, flay]; their set forms an invariant
subgroup H of G, since the following theorem is valid: .

THEOREM III: If G is a group which is homomorphic to G, then those
elements of G whose image is the neutral element of G, form an invariant
subgroup H of G.

Proor: The elements of H form a subgroup of G. For this to be true it
is a necessary and sufficient condition that, with any one pair of elements
x and x' in H, the product x x7t
from x = [0y, fiay] and X' = [o¢'ay, f'ay] that

v xx7C = [oag, P'ao][Bao, wao] = [«'Pad, ap'ad] € H
Now, a subgroup of G is called an,invariant subgroup if it follows from

x7 %' € H with x, x' € G that x'x”" € H, and conversely. Since G is an

Abelian group, each subgroup of G is an invariant subgroup. Q.E.D.
oV Iha .

TueoreM IV: The equivalence relation defined by the homomorphic mapping
(6.3) is equivalent to the relation:

xix¥eH (xxeb)
For, if x = [aa}, fay] and x' = [«'aly, f'ap ], then it is true that:

x—'lx! _ [arﬁag'-i—v’ Cﬁp,ﬂg-'—v’]
It is a necessary and sufficient condition for x 'x’e H to be true that
w4y = pu+v, or:

“_ v o) p!"_ vi’

But this is the equivalence relation (R;). The quotient set G/R; may,
therefore, also be written G/H. It is a group which is isomorphic to G, and,

therefore, homomorphic to G. This group G/H is labelled quotient group or
Jfactor group.

be also an element of H. Tt follows indeed \/

|
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DEFINITION: Two pairs (x, y) and (x', y") in the set Sx S are called equiv-
alent if and only if:

xy'=x'y (R,)

If two elements in S'x S satisfy the equivalence relation (R,), we write
briefly:
(x,y) = (x', ") (mod R;)

This equivalence relation is reflexive, symmetric and transitive.

The equivalence relation (R,) divides the elements of the set Sx .S up
into “disjoint classes” (partitioning of the set Sx £). Each of these equiv-
alence classes is characterized by any one pair contained in it. For, if (x, y)
is a given pair in S x S, then all elements of the class represented by [x, y] are
obtained by seeking all pairs equivalent to (x,y), the class containing
(x, ¥) being denoted by [x, y]. The set of the classes into which the elements
- of §x.§ are partitioned is called the quotient set with respect to (R,); it is
written (Sx S)/R,.

A multiplication can be defined between the classes into which SxS is
partitioned by the equivalence relation (R,), that is, between the elements
of the quotient set (Sx S)/R,:

DeriNITION: The product of two classes [x,y] and [x',y'] is the class
[ex’, yy']:

[x, ¥11x", '] = [xx', yy'] , (M)

This operation is uniquely determined and its result is independent of
the pair that is picked out as a representative of the class under consideration.
Indeed, if we have:

(*15y1) =(x, ) (mod R,) and (x}, y}) = (x', y') (mod R,) (5.1)

then, according to the definition of the product of two classes, the following
is also valid:

[ Y1 »'] = Dex', yy'] and [xy, p,00%5, ¥i] = (%1%, poyid
We may also write:
(x1x1, y1»1) = (xx', py')(mod R;) (5:2)
for, by virtue of the equivalence relations (5.1), it follows that:

x;y=xy, and x3y' = x'y|

§5 IMBEDDING A SEMI-GROUF IN A GROUP 161
By multiplication of these two equations we obtain:
xyxyyy' = xx'y;

from which (5.2) follows. This demonstrates that the product of two classes
yields another class, that is, that the set of the classes is closed under multi-
plication. That this multiplication of classes is associative and commutative
can immediately be verified by calculation.

There exists a neutral element in the set of the classes: this is the class

[x, x]. Indeed, if [y, z] is any one class and if this class is combined with
the class [x, x] in a multiplicative way, we obtain:

[, z1[x, x] = [x, x1[y, z] = [xp, xz]
The last-mentioned class is the same as the class [y, z] since:
(xy, xz) = (y, z) (mod R;)

In the set of the classes there exists an inverse of each element. If [x, y]
is any one class, then its inverse is the class [y, x], for we may write:

[x! yiy, x] = [x.y’ xy]

and the latter class is the neutral element by virtue of (xy, xy) = (x, x)
(mod R,).

With this the following theorem has been proved:

THEOREM I: The classes of pairs of V-elements, that is, the elements of the
quotient set (S x S)[R,, form an Abelian group G with respect to the operation
(M). ' .

Whereas the elements of S are V-elements, the elements of G are “classes.
of pairs of V-elements™.

Each element of a certain proper subset G’ of G can be related uniquely to
an element of S, and vice versa. If we have x € S, then the mapping:

x— [xy,y] yeS

relates just one class — that is, an element of G = G — to each element x € §.
For if ye§ and ze S, then [xy, y] = [xz, z] because (xy,y) = (xz, z)
(mod R;). Different elements of S correspond to different elements of G'.
Indeed, if x* # x and if it is true that:

x = [xy,y] and x'— [x'z z]

then we should obtain (xy,y) = (x'z,z) (mod R,) or x(yz) = x'(yz) if
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vector space which is generally distinct from the spaces of the factors. If,
for instance, A is the vector space of the lengths of the one-dimensional
Euclidean space, then 42 is the vector space of the areas of the two-dimen-
sional Euclidean space, 4 the vector space of the volumes of the three-
dimensional Euclidean space, etc. The vector spaces 4, 4%, 43, . . . are here
disjoint. This means that a length (that is, an element of 4) and an area
(that is, an element of 4?) belong to distinct vector spaces and can, therefore,
not be added.

Let A still be the vector space of the length of the one-dimensional Eucli-
dean vector space. If B is, for instance, the vector space of the “time differ-
ences” — which is distinct from 4 —, the foregoing argument can be general-
ized. Instead of A2, that is, the vector space of “Length x Length”, we now
get the vector space of “Length x Time”, The latter vector space, written
as AB, is distinct both from 4 and B. Consequently, operations of addition
of elements of 4B and elements of 4 or B are impossible.

Generalization of the foregoing considerations leads to a system of p
vector spaces A4, B, ..., L, where p is a natural number, together with the
set:

N:{A"‘B”...L‘i\o{.eN;F’eml”B

where o, 8, . . ., A are natural numbers. Here, N denotes the set of vector
spaces generated by the system 4, B,..., L. Of all systems of p vector
spaces those are to be given special notice which generate a set N of vector
spaces that contains only vector spaces which are pairwise disjoint.

DEFINITION: A system consisting of p vector spaces A, B, . . ., L is called
a free system of rank (or of order) p, if the elements of N are vector spaces
that are pairwise disjoint; if this is not so, the system is called a bound one.
The p vector spaces A, B, ..., L are designated as the generating vector
spaces of the free system.

Let A4, B, ..., L be a free system of rank p;

let addfy ... 1% be an element of the vector space A®B” ... LA

let &'aj bl ...I5 be an element of the vector space 4B ...L*.
If:

Eafbh ... 1§ = Eagby ... 1§ (mod R,),

then:

(o Bivs osi M) =105 Bl vk

For, if the two p-tuples were different, the two elements under considera-

e
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tion would belong to distinct vector spaces, that is, they could not possibly
be R,-equivalent.

If physicists are concerned with third order, fourth order or fifth order
systems, they mean free systems of order 3, 4 or 5. A system of basic elements
dgs by, ..., I, of the above-mentioned vector spaces 4, B, ..., L that are
the generating vector spaces of the free system is called a system of “basic

units” in physical literature,!

4 Free Systems with One Generating Vector Space

For the sake of simplicity, the case of a free system of rank one may be
considered first. Let 4 be the generating vector space. The set N then
consists of the vector spaces 4, A%, .. .. Since 4 is the generating vector
space of a free system, these vector spaces are pairwise disjoint, according
to the definition of a free system,

Let us form the union of the vector spaces 4, 4%, ... and remove the
zero elements of A, A, . . .. This is done in order to epable the division of
V-elements, that will be discussed in what follows, without restrictions.
The set of elements of vector spaces thus obtained will be labelled S. The
elements of S are then the non-zero elements of the vector spaces 4, 42, . . ..

Since multiplication of any two elements of S yields another element of S
(closure), and since the associative and commutative laws apply, the elements
of §, too, form a commutative semi-group. '

THEOREM: The elements of S are “‘regular”, that is, it follows from:

ax = a™x’, a® = aa} with

aVed’ and a™, x,x'eS
that x = x'.
Indeed, if x = a®™ = (afe S and x' = a®) = ¢'al € S, the following
equation will be valid:
alay™ = at'ag™” (4.1)

where the product at the left hand side belongs to the vector space 4*** and
the product at the right to the vector space 4***. Equation (4.1) requires,
therefore, that these two vector spaces are not disjoint. Since 4 is the

! Two German expressions introduced by R. Fleischmann in his article: Einheiteninva-
riante Grdflengleichungen, Dimensionen, are: Basisgrdflenarten and Ausgangsgrifenarten.
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result false? It is the misleading assumption that 273.16 °K and 0 °C would
be V-elements. But in fact they are “points” on a scale of temperatures.
It should be obvious from the example that multiplication of “points” by
elements of Q does not make sense. Only “temperature differences” can be
elements of the vector space “Temperature”. These differences must be
measured in terms of a unit called grd (“grade™) or a multiple thereof.

There is still another reason for the “equation” (2.1) not being an equation
in the sense of dimensional analysis. Neither °X nor °C are bases of the
vector space Temperature, for out of any pair of bases of a vector space
the one is obtained by multiplying the other by a number. Now, since grd
is a basis of the vector space Temperature, any other basis must be a multiple
of grd.

If b denotes temperature measured from the “Kelvin zero-point” and 5’
the same from the “Celsius zero-point”, we have:

b—b' = 273.16 grd (2.2)

Both b and b’ are here temperature points to be measured in terms of grd
(or multiples thereof); hence, they are not V-elements. On the other hand,
b—b' is indeed a V-element, and (2.2) is an equation in such elements:
it is, therefore, an “equation relating physical quantities”.

The same is true in writing “points of time” (times of departure and
arrival), “points of altitude” and “overpressures”. For instance, the “equa-
tion™:

13"CET = 12"WET (2.3)

where "CET denotes Central-European Time and "WET Western-European
Time, has the same character as (2.1). Multiplication of both sides by 4
yields:

6" 30 "CET = 6 "WET

which is obviously a false result. A false statement is also obtained by adding
the equation 2"CET = | "WET (an equation that does make sense) to
equation (2.3): as a result, we would obtain the equation 15"CET =
13"WET (which does not make sense). The reason for this is that (2.3) is
a relation between “points of time”, not “differences of time” , and only
the latter are V-elements.

It is always possible to come from “points™ to “vectors” — that is, V-
elements — by considering differences of points and then fixing a basis for
the vector space to which these differences belong as elements. For instance,

§2 POINT SPACE AND VECTOR SPACE 153

the travel time of a train (which is a V-element) can always be specified by
taking the difference of the times of arrival and departure. This is a difference
of points of time. The elements of the vector space “Time” are, therefore,
“time differences”. On the other hand, the addition of two points of time
— say, time of departure plus time of arrival — does not make sense from the
physical point of view.

Finally, let us recall how we measure on a straight line. As a unit.of meas-
urement we take a directed line segment OF (where O and E are two different
points of the stralght line). The length of this directed line segment may be

1 metre. If OF i is carried from an arbitrary pomt A of the straight line, say,

through a distance of v times the length of OF in the direction OFE, and if
then a point B of the straight line is obtained, we write:

AB = vOE (2.4)

where v is a non-negative integer. If OF is carried in the reverse direction,
that is, in the direction from E to 0, equation (2.4) remains valid, but v
is now a negative integer. The displacements of OE here required are transla-
tions with the length of m(_)_lti being invariant. For the case where v is not an

integer the reader may be referred to the work of O. Holder that has been
cited in the Introduction.

Two directed line segments AB and A'B' lying on one straight line are
equ;valent” in the sense discussed in the second paragraph of this section,
if AB can be displaced along the straight line in such a way as to let A
comclde with 4" and B with B’. Although the directed line segments AB

and A'B' will generally contain different points of the straight line, they
represent the same free vector, and, therefore, also the same V-element.

3 Multiplication of V-Elements a5

It has already been shown that in physical calculations elements of the
same vector space are added (subtracted). Moreover, the elements of a
vector space can be multiplied by numbers (elements of ). On the other
hand, it must be assumed that addition (subtraction) of V-elements belong-
ing to distinct vector spaces is not allowed, since addition of, for instance,
2 metres and 3 seconds “does not make sense from the physical point of
view”. Let us, therefore, require the following axiom:
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laws this algebraic structure obeys are.the same as those for calculations
with the well-known vectors of two- or three-dimensional space. In connec-
tion with dimensional analysis the groups with operators were mentioned
for the first time, but not used, by M. Landolt.’

An important property of the vector space is the following:
if aa=o0, then o =0 or a=o0, or « =0 and a = o.

This may be demonstrated as follows: If o # 0, then f = 1/a # 0; now,
multiplication of aa = o by f gives:

p(xa) = a = fo = f(a—a) = Pa—fa; henc;, a=o.

If a # o, then o = 0; for, if & % 0 we would obtain @ = o, which has been
proved above, but this is inconsistent with the assumption a # o.
Finally, let it be required that the elements of 4 have the following
properties:
(3) There is at least one element ay in A which is different from zero,
and with any element a of A there is just one number o such that

a = odag

If the elements of 4 have the property (3) in addition to the properties
(1) and (2), it is said that the elements of 4 constitute a “one-dimensional
vector space o o7,

The element aq, which is usually kept fixed, is called “the basis of the one-

dimensional vector space 4 (in physics: the unit measuring the quantities
belonging to A). The number a € Q2 associated with the element a € 4 after

a, has been chosen is designated as the “co-ordinate” of a with reference

to the basis a, (in physics: the number measuring the quantity a in terms of .

the unit a,). Hence, & = 0 if and only if a = o.

The following theorem results from the properties (1)-(3) of the one-
dimensional vector space 4:

THEOREM 1: Any element a of the one-dimensional vector space A which
differs from the zero element o of A can serve as basis of the vector space A.

In effect, if @, # o is chosen as basis of A, then according to property (3)
every element a € 4 can be written as a = xa, (where a € Q). Now, if a;

is an element of A different from both ¢ and a, then ag can be written as:
(B#0, p#1)

ag = Pagy

1 Landolt, p. 8.
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Since it follows from this equation that a, = (1/B)ag, every element a e A4
can be written as:

_0’. v
a=-—dg=0odg Q.E.D.

For the sake of completeness the formulae describing the transformation
of co-ordinates as a consequence of changing the basis of a vector space may

now be given. If a V-element a € 4 is described with the aid of two different
bases a, and aj:

a = oag (1.1)
a = o'ag (1.1

then two generally different co-ordinates « and o are associated with one
and the same element ae A.

If ay = Pay (where f # 0, f # 1), then these two co-ordinates are
related by one of the two relations following from (1.1) and (1.1°):

@ =op (1.2)
= (1.2)
p

(1.2) and (1.2) serve as transformation formulae for the co-ordinates when
the basis is changed. The elements themselves are independent of the choice
of the basis, or, in other words, they are “invariant” with respect to a
change of basis. In physics an extensive literature exists on this property of
V-elements (labelled quantities in physics); see, for instance, the above-
mentioned work of J. Wallot.

Apart from the elements of an 4-space, in the observations which follow
elements of other one-dimensional vector spaces will be considered, say,
the elements of an A-space, a B-space, a C-space, . . .. Let the set of these
spaces have the following property:

There is a countably infinite number of one-dimensional vector spaces
which are pairwise disjoint.

Let the set of elements of all these vector spaces be called the set of V-
elements, or briefly the “‘V-set”.

Whether or nat two elements of the V-set belong to one and the same
vector space can be determined by means of the following theorem.
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144 ALGEBRAIC STRUCTURE OF DIMENSIONAL ANALYSIS MATH. APP,

Of fundamental importance for this “dimensional analysis” is the question
of what operational rules apply to it. An axiomatic treatment of calculating
and measuring in geometry has already been presented by O. Holder.!
The following discussion has a slightly different direction: it aims at de-
scribing the algebraic structure of dimensional analysis. That the algebraic
method is more appropriate to the nature of the subject also appears from
its extensive application in a number of recent publications; see, for instance,
the works of M. Landolt, S. Drobot,> and R. Fleischmann.> %5 As the
terminology of algebra differs from that of physics, in the present text the
names that are conventional in physics will be given concurrently with
those used in algebra so as to make the argument more readily understood.
The notation in what follows is also different from that prevailing in physics.
It has been chosen only with regard to the properties of the structure,

There are two algebraic structures which are important in dimensional
analysis, namely, the concepts of vector space and group. Both concepts
have long been in use, occasionally without their being specially mentioned.
For a long time, several authors — for instance, J. Wallot — have been
advocating an “invariant notation” of “equations that relate physical
quantities”.® Behind this requirement is the concept of vector space. Evi-
dence for the importance of the concept of group has been given by M.
Landolt and R. Fleischmann in their above-mentioned publications. This
paper has, of course, many points of contact with the work of other authors.
It differs, however, from these in aiming mainly at analyzing the calculus
and at giving an axiomatic treatment of dimensional analysis. An exposition
of the algebraic concepts and theorems will be found in the works of N.

1 O. HOLDER, “Die Axiome der Quantitdt und die Lehre vom MaB”, Berichte der Sich-
sischen Akademie, LIIT (1901), pp. 1-64.

# 5. DrosoT, “On the Foundations of Dimensional Analysis”, Studia Mathematica, X1V
(1953), pp. 84-99.

? R. FLEISCHMANN, “Die Struktur des physikalischen Begriffssystems”, Zeitschrift fiir
Physile, CXXIX (1951), pp. 377-400.

* R. FLEISCHMANN, “Das physikalische Begriffssystem als mehrdimensionales Punktgitter”,
Zeitschrift fiir Physik, CXXXVIII (1954), pp. 301-308.

% R. FLEISCHMANN, “Einheiteninvariante GrdBengleichungen, Dimensionen”, Der mathe-
matische und naturwissenschaftliche Unterricht, X11 (1959-60), pp. 385-399 and 443-458.
® Translator’s Note: This “invariant notation” implies, in the words of Bridgman (p. 37),
“that the functional relation is of such a form that it remains true formally without any
change in the form of the function when the size of the fundamental units is changed in
any way whatever”’.
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Bourbaki," A. Chatelet,? P, Dubreil,® E. Sperner,* and B. L. van der
Waerden.>*® For the reader who is less familiar with modern algebra,
a fuller exposition has been given than would be required from a strictly
algebraic point of view.

The application of dimensional analysis is only demonstrated by means
of a few elementary examples taken from geometry and mechanics. A
treatment of the problem of the application of dimensional analysis to
physics as a whole has not been attempted, because of differences in opinion
concerning the interpretation of physical equations.

Since a generally accepted definition of the concept “physical quantity”
is lacking, we shall avoid using the expression “physical quantity” in order
to prevent misunderstanding. Instead, we introduce a new concept, named
“V-element”. This name has been chosen to emphasize that we are here
concerned with elements of (abstract) vector spaces. As usual in axiomatics,
the new concept is defined in an implicit way by enumerating the properties
of the algebraic structure of dimensional analysis. Consequently, any
quantity having the properties as required below may be called a V-clement.
The reader who has no objection to the idea can, therefore, understand a
V-element to be a physical quantity.’

In describing the algebraic structure of dimensional analysis the limits
imposed on this kind of analysis as such become apparent. Dimensional

! N.BourBaxl1, Eléments de Mathématique, Vol.1l, Algébre, second edition, Paris, 1951-55,
chapters 1 and 2.

? A. CHATELET, Arithmétique et Algébre modernes, Vol. 1, Paris, 1954.

® P. DuBrEiL, Algébre, Vol I, second edition, Paris, 1954.

* E. SPERNER, Einfithrung in die analytische Geometrie und Algebra, Vols. 1 and I1, third
and fourth editions, Gottingen, 1959,

& B. L. VAN DER WAERDEN, dlgebra, Vol. 1, fourth edition, Berlin, Gottingen and Heidel-
berg, 1955,

® Translator’s Note: For a brief but lucid exposition in English the reader may be referred
to: R. G. D. ALLEN, Basic Mathematics, London & C., 1962, chapters 4, 6, 7 and 13: some
formal development of sets, groups, rings, fields and vector spaces is given in section 3
of chapter 15. A more thorough introduction written for those who are meeting modern
algebra for the first time is: E. M. PATTERSON and D. E. RUTHERFORD, Elementary
Abstract Algebra, Edinburgh, London and New York, 1965 (viii+211 pp.). The latter
book does not, however, include set theory; this will be found in chapter 4 of Allen’s book.
" Translator’s Note: We can equally well understand a V-element to be an economic
quantity, That is why Professor Quade’s paper is appended to this book. Consequently,
the remarks Professor Quade makes about physical calculations can also be regarded as
valid for economic calculations.
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